Orbital-lattice coupled excitation dynamics in orbitally degenerate correlated systems are examined. We present a theoretical framework, where both local vibronic excitations and superexchange-type inter-site interactions are dealt with on an equal footing. We generalize the spin-wave approximation so as to take local vibronic states into account. Present method is valid from weak to strong Jahn-Teller coupling magnitudes. Two characteristic excitation modes coexist; a low-energy dispersive mode and high-energy multi-peak mode. These are identified as a collective vibronic mode, and Flanck-Condon excitations in a single Jahn-Teller center modified by the inter-site interactions, respectively. Present formalism covers vibronic dynamics in several orbital-lattice coupled systems.
I. INTRODUCTION
Orbital degree of freedom of an electron represents a directional aspect of electronic wave function. It is widely recognized that the orbital degree of freedom influences significantly magnetic, optical, and structural properties in correlated electron materials.
1,2 A macroscopic symmetry breaking of a degenerate orbital wave function, termed an orbital order, is often seen in several transition-metal compounds, rareearth magnets, as well as molecular solids. A long-range orbital order is generally accompanied with a macroscopic lattice distortion which is compatible to a shape of the electronic wave function. This is caused by an orbital-lattice interaction known as the Jahn-Teller (JT) effect in a single molecule.
A collective orbital excitation in an orbital ordered state is termed "orbital wave" and its quantized object is termed "orbiton". This is an analogous to spin-wave excitation in a magnetically ordered state. Several experimental observations of orbiton by optical and Raman spectroscopies, [3] [4] [5] [6] [7] x-ray scatterings [8] [9] [10] [11] [12] and other experimental probes, as well as theoretical supports [13] [14] [15] [16] [17] have been reported so far. Nonetheless, characteristics of orbiton have not been revealed yet. This might be attributed to a fact that coupling between orbiton and lattice is not negligibly small, and an experimental assignment of orbiton is not so simple in comparison with that of magnon.
The first theoretical examination of orbital wave was done by Cyrot and Lyon-Caen, 18 and Komarov et al., 19 where purely electronic orbital excitations as well as spin-orbital coupled excitations were examined based on a correlated electron model. More realistic calculations of orbital wave were performed by one of the present authors and coworkers in Refs. [20] [21] [22] , where the lattice distortion is interpreted to be frozen. The adiabatic frozen-lattice treatment 23 is justified in the limiting case where the orbital excitation energy is much higher than the phonon energy. A weak coupling approach for the JT effect was adopted in Ref. 24 where an anticrossingtype mixing between orbiton and phonon branches occurs. Similar linear coupling between orbiton and phonon modes are examined in TmVO 4 and related materials. 25, 26 On the other side, vibronic excitations in a single JT center have been examined intensively. 27 In particular, local vibronic excitations in an orbital ordered state were studied in Ref. 28 , where multi-peak vibrational excitations with a broad envelop appear due to the Franck-Condon transitions.
Purpose in this paper is to present a theoretical framework of vibronic excitations in orbitally degenerate correlated electron system; both the local vibronic excitations and the superexchange (SE)-type inter-site interaction between orbitals are taken into account on an equal footing. We set up a model which consists of the SE interactions, the on-site JT coupling and the local lattice vibration. A generalized spin-wave approach where the local vibronic states are fully taken into account is presented. Two characteristic excitation modes coexist; a low-energy dispersive vibronic mode interpreted as a renormalized "orbiton", and high-energy multi-peaks originating from the Franck-Condon excitation in a single JT center modified by the SE interaction. The present formalism does not only cover orbitally degenerate systems from weak to strong JT couplings, but also is applicable to several orbitallattice coupled models.
In Sec. II, we introduce a model Hamiltonian for an orbitallattice coupled system. In Sec. III, a generalized spin-wave approximation for vibronic excitations is presented. Before showing the detailed numerical calculations, results obtained by the present theory are compared with the results by the exact diagonalization method in Sec. IV. The main part in this paper is Sec. V, where the detailed energy and momentum dependences of the vibronic excitations are presented. In Sec. VI, we focus on the low-energy excitation modes corresponding to the collective vibronic modes. In Sec. VII, results in the present E ⊗ e system are compared with those in the E ⊗ b 1 system. Section VIII is devoted to discussion and summary.
II. MODEL
In order to address an issue for the coupling between the orbital excitation and the lattice dynamics, we introduce an E ⊗e JT center at each lattice site and the SE-type interactions between the nearest-neighbor (NN) e g orbitals. We adopt the following orbital-lattice coupled Hamiltonian,
where ∆E n = E n − E 0 , a qn is the Fourier transform of a in , and γ q = z −1 ρ e iq·ρ is a form factor where summations are taken for the NN sites. A symbol (even (odd)) m,n represents a summation for the even (odd) parity states. This originates from v x n = 0 (v z n = 0) for the even (odd) parity states due to the relations PT z P = T z and PT x P = −T x . The Hamiltonian in Eq. (16) is diagonalized by the generalized Bogoliubov transformation 37 as
where α qη is a boson operator given by a linear combination of sets of {a qm } and {a † −qm }, and Ω qη is the eigen energy. The ground state of H, termed |0 , is defined as a vacuum of α qη for any q and η.
In the present formalism, the PS dynamical susceptibility is given by
, ǫ is a positive infinitesimal constant, andÔ(t) = e iHtÔ e −iHt is the Heisenberg representation for the operatorÔ. The spectral function is straightforwardly calculated as
where |q, η ≡ α † qη |0 . The retarded Green's functions for phonons are defined as
whereb γ q is a Fourier transform ofb
where
is the bare phonon Green's function.
IV. COMPARISON WITH EXACT DIAGONALIZATION METHOD
Before showing detailed results, we compare the numerical results obtained by the present method and the exact diagonalization (ED) method in finite cluster systems, to show validity of the present method. In order to avoid finite size effects in the ED method, we add an external-field term, −h i T z i , to the Hamiltonian in Eq. (1), by which the excitation becomes gapful. In the ED method, Hamiltonian in Eq. (1) plus the external-field term is solved by the Lanczos method, and onedimensional clusters with a periodic boundary condition are adopted, for simplicity. The parameter values are chosen to be J z = 0, J x /ω 0 = 0.2, and h/ω 0 = 1. The Hilbert space is restricted so that the number of the phonons is less than 16 at each site.
In Fig. 1 , the PS dynamical susceptibilities calculated by the two methods are compared with each other. We focus on low energy excitations up to ω/ω 0 = 1.5, corresponding to the upper band edge of the collective vibronic excitation, as explained later. It is shown that excitation energies Ω qη calculated by Eq. (17) well reproduce dominant peaks in (−1/π)Imχ xx (q, ω) calculated by the ED method. Good agreements between the two results are seen from the nocoupling case (g = 0) to the strong coupling case (g/ω 0 = 3). 
V. ORBITAL-LATTICE COUPLED VIBRONIC EXCITATIONS

A. Local Vibronic Excitation
We start from the results in the local Hamiltonian H
MF i
defined in Eq. (7). The results where the inter-site interaction effects are taken into account are presented in the next subsection.
First, we show the orbital ordered moment M 0 ≡ T z as a function of the JT coupling constant in Fig. 2 . Non-monotonic behaviors as functions of g are shown. For small g, a reduction of M 0 with increasing g reflects a suppression of the longrange order due to the vibronic motion. On the other hand, for large g, a reduction of M 0 from 1/2 decreases with g, since the kinetic energy of the lattice vibration is proportional to 1/g 2 [see the first term in Eq. (30)]. A J z dependence of M 0 implies a competition between the vibroic motion and the inter-site SE interaction; a large SE interaction suppresses a reduction of the ordered moment due to the vibroic motion.
Local vibronic excitation spectra, defined by Fig. 3 . Here, N represents the number of the lattice sites. At g = 0, a single peak appears at ω = ω 0 in the xx-component and no finite intensity in the zz-component. In finite g, two-kind excitations appear; a sharp low-energy peak at a little below ω 0 and high-energy multi-peaks with a Gaussian-like envelope. A center of the envelope is located around g 2 /ω 0 + J z . A low energy peak is attributed to the collective vibronic excitation mode of our main interest, and will be examined in more detail in Sec. VI. High-energy multi-peaks are attributed to the Frank-Condon excitations from the lower adiabatic-potential plane to the higher plane 27, 28 A center of the multi-peak structure is located around g 2 /ω 0 + J z , i.e. a sum of a separation between the higher and lower adiabatic-potentials and a diagonal component of the SE interaction energy. Schematic pictures for the adiabatic potential planes and transitions in the Q u -Q v plane are shown in Fig. 4 (a). ). An infinitesimal constant as a damping factor of the spectra is chosen to be ǫ/ω0 = 0.1.
B. Inter-site Interaction Effect
Numerical results for the Hamiltonian H = H JT + H J are presented. For simplicity, a one-dimensional lattice and isotropic exchange interactions, J ≡ J z = J x , are assumed. Results for other lattice structures and anisotropic interactions are easily obtained by changing a form factor γ q in Eq. (16) .
We present in Fig. 5 imaginary parts of the dynamical PS susceptibilities for several J and g. At g = 0 [see Fig. 5 (a)], a gapless and dispersive low-energy mode exists. This corresponds to the sharp low-energy peak in Fig. 3(a) , and a purely electronic "orbiton" excitation. By introducing a finite g as shown in Fig. 5(b) , the high energy multi-peak structure appears, as mentioned in the previous subsection, and the low energy mode remains to be dispersive and gapless. 
Figs. 5(b) and (d)].
Let us focus on the high-energy multi-peak structure. As seen in Figs. 5(c) and (d), spectral distributions show dispersive features for large J. Centers of the multi-peak structures are located around g 2 /ω 0 + J. To clarify nature of the dispersion, we calculate the first and second moments for the high-energy multi-peaks defined byω l q = ω lq and ∆ω
, respectively, where we define
for a function f (ω) and a cut-off energy ω c is chosen to be ω 0 . , 3). An infinitesimal constant as a damping factor of the spectra is chosen to be ǫ/ω0 = 0.1.
VI. LOW-ENERGY VIBRONIC EXCITATION
In this section, we focus on the low-energy vibronic mode.
A. Weak Coupling Case
We assume a small JT coupling, i.e. g ≪ ω 0 , J, and present a weak coupling formalism based on the perturbational approach. The results are compared with the ones obtained in Sec. V B and discrepancies between the two are discussed.
We start from the free phonons and orbitons, and introduce the coupling between them. A uniform orbital ordered state for T z is assumed in the ground state. By applying the Holstein-Primakoff transformation to the PS operators, we have T An infinitesimal constant as a damping factor of the spectra is chosen to be ǫ/ω0 = 0.1.
2 S/ω 0 and ζ q = zSJ x γ q /2, and omit constant terms.
By neglecting the fourth line in Eq. (23), which is the higher order in the 1/S expansion, the bilinear form is diagonalized by using the Bogoliubov transformation as
where β qη is the boson operator. The eigen energies are analytically obtained as
and
The u-phonon does not mix with orbiton in this approximation.
In Fig. 8 , the calculated energy dispersions Ω WC q± are compared with (−1/π)Imχ xx (q, ω) obtained by the method given in Sec. III. Poles of (−1/π)Imχ xx (q, ω) are almost reproduced by the weak-coupling results of Ω WC q± , which are represented as an anti-crossing between the dispersive orbiton and the dispersion-less v phonon. At g = 0, results obtained by the two methods perfectly coincide with each other. Discrepancies between the two become remarkable with increasing g. In particular, the gapless dispersion, required by the Goldstone's theorem, is not reproduced by the weak-coupling approach, in contrast to the method in Secs. III. This is due to the fact that, in the weak coupling approach, the two interaction terms between orbiton and phonon in Eq. (5) are not treated on as equal footing: the interaction between T z and the u-phonon is fully considered, but only the lowest order terms of the 1/S expansion for the interaction between T x and the v-phonon are taken into account. A similar treatment was adopted in Ref. 24 , where the spin wave approximation is applied to Eq. (5) and the fourth line in Eq. (23) is treated by the self-consistent Born approximation. On the other hand, in the present method given in Sec III, the rotational symmetry in the T and Q spaces are maintained, and as a result, the gapless mode expected from the Goldstone's theorem appears.
B. Strong Coupling Case
In this subsection, we assume g ≫ ω 0 , and derive the effective Hamiltonian for the low-energy vibronic state. Calculated results are compared with the results in Sec. V B.
Low-energy effective Hamiltonian
We focus on the vibronic motion around the potential minima in the lower-adiabatic potential [see Fig. 4(a) ], and derive the low-energy effective model from H MF i in the strong coupling limit by following Ref. 39 . In this limit, the conical intersection point shown in Fig. 4 is irrelevant, and the BornOppenheimer approximation is valid. The vibronic wavefunction is given by Φ nk (r, Q) = ψ k (r, Q)φ k n (Q), where ψ k (r, Q) and φ k n (Q) are the electronic and lattice wave functions, respectively, and r and Q are the electron and lattice coordinates, respectively. The adiabatic potentials for H MF i are given as
where ρ = Q 2 u + Q 2 v and θ = tan
where E JT is energy gain due to the JT effect. The electronic wave function on the lower adiabatic-potential plane (k = −) up to the order of O(h MF ) is given as
In the case of h MF = 0, U (−) takes its minima at ρ = ρ 0 ≡ A/(M ω 2 0 ) for any θ [see Fig. 4(a) ]. In a positive finite h MF , this degeneracy is lifted, and U (−) takes its minimum at θ = 0. The energy difference between the lower and higher adiabatic planes at ρ = ρ 0 in the case of h MF = 0 is denoted by 2Aρ 0 ≡ g 2 /ω 0 = 4E JT . (1, 4) . An infinitesimal constant as a damping factor of the spectra is chosen to be ǫ/ω0 = 0.1.
In order to examine the low-energy vibronic excitation, we assume that the zero-point vibration energy (ω 0 /2) is much smaller than the JT energy gain (E JT ), and the vibronic motion is confined on the lower adiabatic-potential plane. The effective Hamiltonian for the vibronic motion on this plane is given by
The first and second lines of the right hand side in Eq. (29) represent the radial mode and the rotational mode, respectively. Since the characteristic energy for the radial mode, ω 0 , is larger than that for the rotational mode, 1/(2M ρ 2 0 ) = ω 3 0 /g 2 , we focus on the latter at ρ = ρ 0 . Then the effective Hamiltonian at a single site for the strong coupling limit is given as
where the last two terms in Eq. (29) is neglected, since
is much smaller than the kinetic energy ω 3 0 /g 2 for rotational mode in the strong coupling case.
The Schrödinger equation for the rotational mode,
, is solved numerically under the antiperiodic boundary condition, φ n (θ + 2π) = −φ n (θ), required from the condition that Φ nk (r, Q) is single valued. The corresponding vibronic wave function is given by Φ n− (r, θ) = ψ − (r, θ)φ in Fig. 9 , together with the results obtained in Sec. V B. Two results almost coincide with each other. This fact implies that the low-energy excitation mode is identified as the collective vibronic mode where the local rotational mode on the lower adiabatic-potential plane propagates through the inter-site SE interactions. A schematic picture for the collective mode is shown in Fig. 10 .
Band width of low-energy collective mode
We focus on the band width of the low-energy excitation mode. As shown in Fig. 5 Figs. 11(a) and (b) , where the band width defined by W ≡ Ω q=π,η0 , where η 0 indicates the lowest branch, are plotted as a function of g and J, respectively. The band width is renormalized as 1/g for large J and g, and is almost independent of g for small J and g. As for the J dependence, W is almost proportional to J for small J and is proportional to √ J for large J. These results are interpreted from the Hamiltonian in Eq. (30) by the perturbational schemes as follows. Since the band width, i.e. the excitation energy at the zone boundary, corresponds to the orbital excitation energy at a single site under the mean-field. This is equivalent to the energy difference ∆ between the ground state and the first excited state in H SC i . In the weak SE interaction or the weak JT coupling
where |Φ u and |Φ v are the degenerate ground states in the case of h MF = 0. A factor 1/2 originates from reductions of the matrix elements,
, known as the Ham's reduction effect. 40 This result explains that W is proportional to J and is almost independent of g. On the other side, in the strong SE interaction or the strong JT coupling
, a deep potential minimum exists at θ = 0, and the Hamiltonian in Eq. (30) is expanded by θ as
where the constant terms are omitted. By taking the last term as a perturbation, we have
, which explains that W is proportional to √ J and 1/g.
VII. COMPARISON BETWEEN THE E ⊗ e AND E ⊗ b1 SYSTEMS
To clarify characteristics of the low-energy vibronic excitation in the E ⊗ e JT system, we introduce a system where the doubly degenerate e g orbitals couple to a non-degenerate vibrational mode, and compare the two results. The interaction between the orbital and phonon in this system is given by
where one phonon mode couples to the electronic orbital. A similar Hamiltonian was studied in Ref. 41 . We analyze the Hamiltonian in Eq. (7), where H 5, 3 ). An infinitesimal constant as a damping factor of the spectra is chosen to be ǫ/ω0 = 0.1. multi-peaks is located around g 2 /ω 0 + J. These characteristics are similar to the high-energy excitations in the E ⊗ e JT system presented in Sec. V B and are attributed to the excitations from the lower to higher adiabatic-potential planes. On the other hand, intensity of the low energy mode is much weaker than that in the E ⊗ e system shown in Fig. 5 . Detailed comparison for the low energy mode is shown in Fig. 13 where the momentum dependences of the spectral weight −(1/π)Imχ xx q (q, ω) at poles are presented. Spectral intensities in the E ⊗ b 1 system are almost one order smaller than those in the E ⊗ e system. This difference is attributed to a dimensionality in the lattice-coordination space. In the E ⊗ b 1 system, the adiabatic potential is defined in the one-dimensional Q u coordinate and shows a double-well type potential where minima exist at two discrete values, as shown in Fig. 4(b) . The excitation inside the lower-adiabatic plane is an Ising-type. With increasing g, distance between the coordinates where the potential takes the minima increases, and an overlap between the wave-functions at two minima is reduced. As a result, amplitude in the low-energy excitation mode is weakened. This is in contrast qualitatively to the E ⊗ e system where the adiabatic-potential planes are defined in the two-dimensional Q u -Q v plane. There is a continuous degeneracy for the potential minima in the lower adiabatic-potential plane, as shown in Fig. 4(a) , and the Bloch-wave type vibration wave-function are extended along the potential minima. As a result, the gapless low-energy vibronic excitation exists even in the strong coupling regime.
VIII. DISCUSSION AND SUMMARY
In this section, we discuss effects of several factors which are neglected so far: the anharmonic lattice potential, the cooperative lattice effect, the anisotropic exchange interactions, and the spin degree of freedom, all of which are able to be introduced in the present formalisms.
First, we show effects of the anharmonic lattice potential. This is known to play key roles on orbital orders in real materials. The anharmonic lattice potential is treated within the strong coupling approach presented in Sect. VI B. The local Hamiltonian corresponding to Eq. (30) is given by An excitation energy gap is also opened by the anisotropic SE interactions. So far, we assume J x = J z which ensures the continuous symmetry in the T and Q spaces. In realistic materials, however, the SE interactions are anisotropic; J x = J z , and T 
where J 1 and J 2 are the exchange constants, τ µ i is the bond-dependent pseudo-spin operator defined by τ
with (n z , n x , n y ) = (0, 1, 2), a subscript µ(= x, y, z) indicates a direction of the ij bond, and S i is the spin operator. This model has been studied for the orbital structures and excitations in LaMnO 3 and KCuF 3 . 22 We focus on the orbital dynamics and neglect spin excitation, which will be discussed later. We apply the present method given in Sec. III, where H J is replaced by H KK with above approximation. The PS dynamical susceptibility is defined by Fig. 15(a) ], the pure "orbiton" shows gapful excitation around J due to the anisotropic exchange interactions. 22 Four modes are attributed to the four sublattices. By introducing the JT coupling g [see Fig. 15 (b) and (c)], the pure orbiton modes are changed into the lowenergy modes and the high-energy multi-peaks. It is worth noting that, even in the strong coupling cases, characteristic dispersion relations, which are similar to the pure orbiton excitations, appear in the low-energy collective mode, as shown in Fig. 15(d) . This dispersive low energy modes is interpreted as a vibronic collective modes where intensity and energy are strongly renormalized.
The cooperative JT (CJT) effect, neglected so far, plays sometime essential roles on the orbital order as well as the excitation dispersions. 26, 42 This interaction is attributed to the interaction between the lattice displacement in different JT centers, and is able to be treated in the same way with the inter-site SE interaction in the present formalism. Let us consider, for an example, a simple model for the interaction between the NN JT centers as ij ll ′ K ll ′ Q il Q jl ′ with the spring constants K ll ′ . The MF decoupling is introduced as (6) is replaced by the generalized spin-wave approximation is diagonalized by the Bogoliubov transformation, and the diagonal Hamiltonian such as Eq. (17) is obtained. It is expected that, in a collinear spin ordered state as a ground state, finite mixings occur between magnon and orbiton-magnon, and between orbiton and phonon due to the conservation of the spin angular momentum. In a non-collinear spin ordered state, four kind excitations are mixed with each other, and the JT effect affect the spin dynamics directly. The present method is also valid for systems where the relativistic spin-orbit interaction is relevant. Intra-atomic magnetic structures with the spinorbit interaction are able to be taken into account in the similar way to the JT coupling. The calculated spin-orbital mixed excitations due to the spin-orbit interactions will be compared with experimental observations in the 4d and 5d transitionmetal compounds, such as iridium oxides, as well as the 3d transition-metal oxides.
Finally, we discuss vibronic excitations from the view point of experimental observations. Present calculations, for example the results in Fig. 15 , are directly applicable to the excitation dynamics in the several e g orbital ordered systems, e.g. LaMnO 3 , KCuF 3 and others. Detailed calculations for each material will be presented in future works. Here, we suggest that experimental observations rather depend on magnitudes of the JT coupling. In a weak JT coupling regime, dispersive excitations, being similar to the pure electronic orbitons, are expected. Weak multiple structures due to the JT coupling will appear in the orbiton bands. The excitation energy is characterized by the SE interactions which are of the order of 10-100meV in typical transition-metal compounds. Such vibronic excitations can be detected by the resonant x-ray scattering experiments. On the other hand, in a strong JT coupling regime, excitation energies of the dispersive branches are renormalized and shift to lower than the bare JT phonon frequency. This is the energy range for the optical spectroscopy measurements. The recently developed non-resonant inelastic x-ray scattering technique is applicable to detect the dispersions of the renormalized vibronic modes. The inelastic neutron scattering, which directly accesses to the phonon channel [see Fig. 7 ], is another candidate to detect the dispersive collective vibronic excitations. In the strong coupling regime, observation of the characteristic momentum dependent intensities/energies of the high-energy multi-peak structures also provides several information for orbital excitation and JT coupling.
In conclusion, we present a theoretical framework of vibronic excitations where both the local vibronic excitations and the inter-site orbital interaction are taken into account on an equal footing. We confirm that the present formalism is valid from the weak to strong coupling regimes. Two kinds of excitations are identified; the low-energy collective vibronic mode connected to orbiton, and the high-energy multi-peaks originating from the single JT center. The present formalism is applicable to a wide range of correlated electron models with the orbital degrees of freedom.
